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THE HARMONIC ANALYSIS OF THE SEMICIRCLE AND OF THE 

ELLIPSE 

By a. E. Kenneuly 

If the diameter of the semicircle in Figure 1 is equal to it, the equation 
of the semicircle is y = )Jx{'!r — x). Let it be required to express it in the 
form 

y = 2 a„ sin mx. 



This calls for the development of Va;(7r — x) into a Fourier sine-series, 
the development holding good from x = to x = tt. We have 

2 /"' • ^ 

a„ = - I y sm mx ax. 

'"'Jo 
Express the integral in terms of the angle a, which may be considered 
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Fig. 1. 



as increasing positively from to tt radians as x increases from to tt units. 



Then 



y = ^ sin a. 



■JT 



X = ^ (I — COS a), 



dx = - sin a • da, 



(49) 
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and the transformed integral is 

2 f'TT . . IT / \ "^ ■ J 

a„ = - / X sin a • sin «i - ( 1 — cos a l • - sm a • da 

V f' . . . /WITT JTITT \ , 

= q I SI" " ■ ^^^ ( "9 9~ <^^s a j a« 

T T" . „ f . WITT //WTT \ mTT . /m-TT \) , 

= a I sin^a j sm -H~ <^os (— 3- cos a 1 —cos — sm [—^ cosaj yda. 
For any uneven integral value of m, this becomes : 
± a„ = - / sin^ a cos ( -^ cos a j aa 






^' 



cos^a 



^U I 2^ — ^ 41 —6! — +---}^« 

2 y T" I 2 ) f" ~l 

= - 1 / sm* a «a — -r-r / sin^a cos^o da + — r-r / sin* a cos* ada— • • • \ 

2 L J« 2 ! 7o 4 ' 7o J 

(nfrr\^ /rmr\* /tottN^ /»Mr\* 

~2L2 2T "S"^ 4! '16 6! ■128'^ 8! '256 ■■ J 



/tottX- /wtTrX* /m7r\^ /»W7r\* 

_7r*r Vj^y 1 V^y i_^A>' A + ^X^ J 1 

~4 L 2! '4 41 '8 6! '64 8! '128 ' " J 

tt'^ r, /m7r\« 1 /mirS* 2 /mv\^ 5 /7n'n-\8l4 "| 

= 4 L' -(^)-2-!+U-)r!-U)-6!+(x)-8!--J 

_ ■n-^r 1 /m7r\« 1 /m7r\* 1 /»Mr\^ 1 /mw\« 1 ~| 

~ 4 Lrro"! ~ \~rj ■ 201 "'' \X j " siTi ~ vTy ' iTsi"^ v~ry ■ snr J ■ 

For any even integral value of to, a„ = 0. Consequently the equation of 
the semicircle is equivalent to the following : 

y = -. sin a: 2 \ , ^ , ^ . ( t- ) -sm 3a: S \ . ^ ,,, ( -p ) +•• • 

•^ 4 L 1 )i!(n — 1)!\4/ J n\(n—l)\\i J J 
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Each of these terms contains an infinite convergent series. Each term is 
affected with the positive sign. 

Considering the first term within the bracket, the coefficient of sin x is 



1 ]^/^\* _L^fzV —C-V 

1 2!V4y ■'"sT^U/ ~4r^w ^ 



or l_a+/3 — 7 + 5 — •••. 

Then the corresponding series for the m"' harmonic is 

1 — m^a + m*0 — ni^y 4- m^B — • • •. 

As m increases, more terms must be added in order to approach the final limit 
within an assigned error. 
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Table I gives the common logarithms of the quantities o, /8, 7, etc., as far 
as p, the 18"' term in the series for the coefficient of sin x. 
The computed series for y as far as the fourth term is : 

y= 1-78073 sin a; + 0-29494 sin 3a; + 0-13274 sin 5x + 0-07903 sin 7x+ - • -. 

In order to attain a degree of accuracy sufficient to ensure the fifth decimal 
digit, six terms are necessary for sin x, nine terms for sin 3«, thirteen terms 
for sin 5x, and eighteen terms for sin Ix. 




"^ s '' 

FIG, 2. 



The accompanying diagram in Figure 2 shows the relations between the 
fundamental sinusoid and the sum of the first two, three, and four terms in the 
series. The line of points gives the final sum of all the sinusoids including 
the 7*''-frequency harmonic. 

Analysis of the Ellipse. 
In Figure 3, let O a 6 tt be an elliptic curve, the semicircle OABtt being 
the upper half of the auxiliary circle. Let q be the projective ratio -^ 
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of the ellipse ; then by the projective property of the elli pse, the component 
sinusoids will all be q times the corresponding sinusoids of the auxiliary 
circle ; so that the series of harmonics for the ellipse is 

y = ?- sin a; 2\--^— r-;(7 ) -sin3a;S-S ^— rrrf-r) +••• • 



Since the mean ordinate of a sinusoid is - times the maximum, the area of a 

2 
sinusoid is -A-B ; where A i8 the amplitude and B is the semi-wave length 

TT 




Fig. 3. 



of the sinusoid. The area of a semicircle must be the same as the area of the 
harmonic components. 

^14 1 n\{n- 1) : \i/ 



The area of tlie fundamental is 



The area of the triple harmonic series is ^ ^ — 2 ^ ( — l 

^ 7rl4 , »'(n- 1):V4; 



(4 I n\{n- 1) 



TT, 



The area of the quintuple harmonic series is - ^ — Z ^- 1 i I — , 

*^ TTi 4 , n'.(n- 1) :V 4^ j5 

and so on. The total area will be 



TT' 



Tn:(n-l):V4J 3in!(n-l):VTy ^""j' 
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This will be equal to the area of the semicircle or 7r*/8. Consequently 

^ _ - (- l)n + » /Tr\ 2'" - 1) _ 1 :;, (- lj" + i /37r\ 2(" -1) 
4~ , /iT(n-l)!V4y 3 7«!(w-l)! V 4/ 

1 I (-1)"+! /Sttx 2(«-i>_ 

which serves as an interesting check upon the correctness of the develop- 
ment. The values for these terms as far as the fourth are : 

^ r,.nr.r, 0"119536 0-053798 0-032031 
0-721703 + + + + • . -, 

or ^ = 0-721703 + 0-039845 + 0-010760 + 0-004576 + - - • 
= 0-776884 + terms of higher order. 

The value of 7r/4 to six places being 0-785398, the sum of the remain- 
ing terms to infinity will be 0-008514. 

If we introduce Bessel's functions of the first order, viz : 

'A(») = 2[l - ITT! (2) + 213! (2) ~ 31^(2) "^ ■ • J' 
we shall have 

, n!(n — 1)! ^ ' x 

so that the expansion on page 50 may be written in the form 

3/ = 77 fe/i (^^ sin a; - ^ "^^{t) ' **" ^^ ^ 5 '^^{'j) ' ^^^ ^* 1 ' 

and the above check becomes 

ay=-'.G-)-i-'.(T)-^MT)--- 

Harvard University, 
Cambridob, Mass. 



